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Harmonic radiation emission from periodic lattices irradiated
by short-pulse elliptically polarized laser light
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Radiated emission at high-order harmonic numbers is observed from thin crystalline layers irradiated by
short femtosecond elliptically polarized laser light. The applied external radiation field drives the free electrons
in the material to large oscillation amplitudes and harmonics are generated by the electronic response to the
periodic lattice potential. A model was modified by introducing a more general expression for the lattice force
that by sharpening or by smoothing the potential in turn allows the strength of the electronic perturbation to be
varied. The electron motion is computed numerically by solving the electromagnetic force equation and by
regarding the lattice potential as a perturbative source. For linearly polarized laser light the radiation spectra are
characterized by emission lines forming a flat plateau in the region of low harmonic orders with a sharp cutoff
for higher numbers. For circular polarization strong emission is found for two harmonic numbers, the first in
the low-harmonic region and the second around the cutoff. By solving analytically the electron motion in an
elliptically polarized laser field, an exact expression for the electron displacement in all three spatial directions
is found. The amplitude of the oscillations sets the analytic form for calculating the peak harmonic numbers
emitted from the laser-lattice interaction. The radiation effect studied here, if detected, might hold some
potential as a diagnostic and could be used, in principle, as a method for determining the lattice parameter in
crystalline structures.
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I. INTRODUCTION

Recent theoretical and computational work on the irrad
tion of thin solid layers by short-pulse moderately inten
lasers has drawn attention to the high-order harmonic em
sion that can be generated@1,2#. The model proposed by
Hüller and Meyer-ter-Vehn@1# to explain harmonic genera
tion from the interaction of an electromagnetic laser wa
with thin film targets describes the mechanism as one
which the free electrons inside the material are driven by
applied field to large amplitude excursions. Perturbations
the electron motion due to the ion cores give rise to harmo
emission. Results reported in@1# predict that ionized elec
trons, under both the action of a linearly polarized laser fi
and a periodic ion potential, radiate a spectrum of harmon
featured by a flat plateau over the region of low harmo
numbers and a sudden cutoff around the maximum harm
number emitted. It was shown that the maximum harmo
order emitted depends on the lattice spacing and on the
wavelength and input energy. The model described in@1#
was modified in@2# by proposing a more general expressi
for the lattice potential that by sharpening or by smooth
the potential in turn allows the strength of the perturbation
be varied. The effects of pulse shaping on the radiation em
sion were also considered. In particular, for Gaussian pul
the strongest emission was found to be emitted by lo
harmonic numbers and a cutoff was still observed. T
mechanism of harmonic generation studied here is dist
from the emission observed when highly intense laser li
illuminates a solid surface or a dense plasma. In early exp
ments carried on by Carmanet al. @3#, the emission was
1063-651X/2001/64~4!/046604~7!/$20.00 64 0466
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attributed to nonlinear resonant absorption with the plas
wave coupling to the radiation field in the steep density g
dient profile and generating harmonics. From those exp
ments a sharp cutoff at high harmonic numbers was fou
This characteristic emission was erroneously interpreted
the maximum harmonic for which the upper density sh
went underdense. Low temporal and spatial resolution m
calculations led to an incorrect interpretation in Carma
proposed model.

Recent advances in laser technology have allowed de
opment of devices capable of delivering high intensitie
(>1018W/cm2) and ultrashort pulses~;10 fs! in plasmas. In
such experiments no cutoff features in the emission spe
have been observed, as was predicted in numerical sim
tions performed by Gibbon@4#.

Presumably, when external electromagnetic radiation
incident on steep density profile dense plasmas, density fl
tuations on the plasma surface are induced, constitu
sources for harmonic generation@5–7#.

The radiation mechanism considered in this work prese
features in common with the Smith-Purcell~SP! effect
@8–10#, an effect independently found by Salisbury@11#, in
which radiation arises from the passage of highly energ
electrons~>50 keV! through a periodical array of grooves i
the surface of a grating. In the SP effect coherent band
diation is emitted from the radio to ultraviolet spectral r
gions with frequencyv5kg•v(12b cosu)21, wherekg is
the grating periodicity,v denotes the velocity of a beam ele
tron, b5v/c, andu is the angle between the beam directi
and the source-observer axis.
©2001 The American Physical Society04-1
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The radiation in a periodic medium is composed of em
sion at different harmonic orders. The condition for rad
tion, the resonance condition, can be derived on the bas
conservation laws for the momentum and the energy. Us
this idea, it will be shown that the crystal lattice might b
regarded as a periodic diffractive grating responsible
emission when charged particles, driven by an external e
tromagnetic field, traverse arrays of ion cores inside the s
lattice. The remainder of this work is organized as follow
In Sec. II we review the model for harmonic emission fro
periodic lattice arrays and Sec. III outlines the numeri
procedure for computing the electron dynamics for an el
tically polarized light field. In Sec. IV we account for th
exact analytical solution of the dynamics of electrons driv
by an electromagnetic field with elliptic polarization. Secti
V examines the resonance condition for radiation. Lastly
discussion of the results presented is addressed in Sec.

II. HARMONIC EMISSION FROM DRIVEN ELECTRONS
IN A PERIODIC LATTICE: LINEAR POLARIZATION

In this section we briefly review aspects of the radiati
phenomena from the electron quiver motion in a crystall
array, as first treated in Refs.@1# and @2#. The transverse
quiver momentum of an electron embedded in a light field
given by p5m0ca0 , where a05eA0 /m0c2 is the unitless
normalized vector potential of the incident radiation fie
Heree, c, m0 , andA0 denote the electron charge, the spe
of light in vacuum, the electron rest mass, and the vec
potential, respectively. Denoting the magnitude of the n
malized vector potential as

a0.8.544310210I L
1/2 ~W/cm2!3lL ~mm!,

wherelL is the laser wavelength in micrometers andI L is
the field intensity, we can express the velocity of oscillati
as vosc5ca0 /g' , where g'.(11a0

2)1/2 is the relativistic
factor associated with the transverse electron motion.
though the model proposed is valid only for low-intense fie
intensities, we have made use—for completeness—of a r
tivistic formulation. Thus, the analytic expressions throug
out this work must therefore be considered classical, w
g;1.

At high laser intensities the crystalline structure might
affected by the action of the radiation field. Distortions to t
lattice configuration can produce alterations in the harmo
ity of the electron motion through the ion cores. Neverth
less, the lattice structure can preserve its initial configura
when ultrashort and low-intense laser pulses are applie
has been shown from a number of experimental works
ultrashort femtosecond laser pulses at intensities lower
1011W/cm2 can be applied without impinging importan
damage on a crystalline structure@12,13#. Laser-induced dis-
orders of material surfaces for pulses of duration 100 fs
peak intensities of tenths of J/cm2 have been observe
@14,15#, and where a loss of cubic order was found 150
after the pulse. Taking the above into consideration, for
time scale and laser power, we have used in our simulat
CO2 (lL510.6mm) laser light with pulse duration of only
04660
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few femtoseconds~;40 fs!, allowing quiver excursionsd
5(lL/2p)a0 greater than the lattice spacingl c . For in-
stance, forI L5531010W/cm2 (a0;2.02531023) the lat-
tice electrons execute oscillation amplitudes ofd/ l c;9, with
l c taken as 4 Å.

The classical equation of motion for free electrons in
solid material under the influence of both a plane monoch
matic linearly polarized electromagnetic wave and a latt
potentialf~r ! can be expressed in the form

m0r̈ ~ t !52eEL sin~vLt2kL•r !1e“f~r !. ~1!

Essentially, the electron trajectories consist of harmonic
cillations r (t)5r01r1(t)1r2(t), around centersr0 , where
r1(t)5d sin(vLt2kL•r0) is the quiver electron motion with
amplituded5eEL /m0vL

2 andr2(t) corresponds to small de
viations produced by the perturbation of the lattice forc
With the aim of representing the periodic lattice force acti
on electrons as they make excursions through the crysta
array we considered a potentialf~r ! of the form

f~r !5(
c

fc sinh@A sin~kc•r !#, ~2!

wherekc5keêc corresponds to the reciprocal lattice vecto
and the strength amplitudefc is of the order of one volt for
typical metals@16#. The factorA in the last expression can b
incorporated into the model in order to include variations
the lattice potential. The lattice potential considered in E
~2! can be reduced to the conventionally used sinusoidal
tential and so applied in Ref.@1#.

Following Hüller and Meyer-ter-Vehn’s model and inco
porating a more general expression for the lattice poten
as considered above, the lattice force gives rise to a
turbed motion described by

m0r̈2;2(
c

eAfckc cos~kc•r !cosh@A sin~kc•r !#.

Harmonics are generated due to the lattice fo
m0r̈2(t8), evaluated at the retarded timet85t2V•(Robs
2r )/c, where V is a unit vector from the particle to th
observer andRobs is the vector from the origin to the obse
vation point. In what follows, the prime has been dropped
convenience. Using Jacobi expansions for the arguments
acceleration can be expressed as

r̈2;2(
c

e

m0
fckcA(

m
emJm~Z!cosa~ t !cosb

3coshS A(
m

emJm~Z!cosa~ t !sinb D , ~3!

where
4-2
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a~ t !5 1
2 mp2vLt1b,

b5 1
2 mp1kc•r0 ,

Z5kc•d,

b5kLV•r2kL•r02
vL

c
V•Robs.

The power radiated by single electrons per unit solid angl
the directionV is given by@17#

dP~ t !

dV
5

c

4p
uRErad~ t,V!u2,

where

Erad~ t,V!52
e

c2 V3@V3 r̈ ~ t8!#/R,

andR5uRobs2r u.
The spectral components are then obtained by evalua

and Fourier analyzing the acceleration field. The emiss
calculated by means of this procedure is in accordance
that obtained by numerically integrating the electron fo
equation, a step we follow in the next section.

In order to have insight into the maximum harmonic nu
ber that can be generated from the action of the lattice fo
on the electron motion we follow a procedure that involv
conservation of energy and momentum.

The radiation spectrum produced when a charged par
moves in the vicinity of a periodic structure can be explain
from conservation laws. Radiation arises only if resona
conditions are fulfilled. To explain the last statement, let
assume that the medium changes its properties periodic
along a certain direction. If we consider a particle traveli
through a medium with velocityv emitting quanta of energy
\v and momentum\v/c, the conservation laws for the lon
gitudinal momentum and the energy can be written in g
eral form as

v•dp

v
2

\v

c
cosu85

2p

l
n,

dE2\v50,

where u8 is the angle between the direction of a quantu
emitted and the velocityv. The changes in energy and m
mentum of the particle are denoted bydE and dp, respec-
tively, n is an arbitrary integer, andl the periodicity of the
medium. SincedE5v•dp for small changes of the energy o
the particle, the condition for radiation from the conservat
laws reads

veff

v
[

v

v S 12
v
c

cosu8D5
2pm

l
.

For the finite plane-wave–solid interaction, the spectr
forms a plateau in the region of low harmonic orders with
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cutoff near the peak intensity. The location of the cutoff c
then be derived from the resonance conditionnmaxvL
;kcvosc, which yields

nmax.S lL

l c
D a0

g'

, ~4!

wherel c is the lattice spacing.
The overall strength of the spectrum is determined by

electron distribution. From the analysis of the phase fact
involved in the expression for the acceleration field it can
shown that correlations between electrons are important@1#,
in the sense that for cases in which the electrons are co
lated the radiation emitted will be enhanced and at the sa
time will produce only harmonics of odd order. For diso
dered electron systems, the emission is found to be less
tense and harmonics of any order are permitted. The for
case—which represents a more realistic electron behavio
would correspond to oscillation centers that cluster at
sites of the ions or at interstitial locations.

III. NUMERICAL COMPUTATION OF THE RADIATION
EMISSION

In order to study the dynamics of electrons in the appl
radiation field a single-particle force equation for an ellip
cally polarized electromagnetic plane wave with the latt
potential term as an external source was solved. The elec
dynamics was examined by means of the numerical solu
of the force equation

dp

dt
52eE2

e

c
v3B1e“f. ~5!

We consider the lattice potential as that given byf~r ! in
expression~2!. Variations of the lattice potential and its rol
in harmonic generation will be considered in a future pub
cation.

For a monochromatic plane wave of arbitrary polariz
tion, with propagation vector along thex direction, the vector
potential can be expressed as

A~r ,t !5a~h!„0,~12d2!1/2sinh,d cosh…, ~6!

wherea(h) is a shape factor. Here,h5vL(t2x/c) is the
Lorentz invariant phase. The propagation is taken in the
rection of the Poynting vector. The parameterd ~0<d<1!
characterizes the degree of elliptic polarization. Linear po
ization corresponds tod50,61 and circular polarization to
d561/&.

Pulse shape effects for the case of a linearly polari
wave incident on a lattice array were considered in Ref.@2#.

Using the expression for the electromagnetic potential
well as the gauge field equations, the components of
force equation take the form

v̇x5
a0vL

g S 12
vx

c D @vzd sinh2vy~12d2!1/2cosh#1Fp
x ,

~7!
4-3
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v̇y52
a0vLc

g H S 12
vx

c D S 12
vy

2

c2D ~12d2!1/2cosh

1
vyvz

c2 d sinhJ 1Fp
y , ~8!

v̇z5
a0vLc

g H S 12
vx

c
2

vz
2

c2D d sinh1
vyvz

c2 ~12d2!1/2coshJ
1Fp

z , ~9!

ġ5
a0vL

c
„vzd sinh2vy~12d2!1/2cosh…1

e

m0c2 ~v•“f!.

~10!

Here, g is the relativistic factor given byg5(12b2)21/2

andb5v/c. Fp
i ( i 5x,y,z) stands for the components of th

lattice force given by

Fp
x52

e

m0g H S 12
vx

2

c2D ~¹f!x2
vxvy

c2 ~¹f!yJ , ~11!

Fp
y52

e

m0g H S 12
vy

2

c2D ~¹f!y2
vyvx

c2 ~¹f!xJ ,

~12!

Fp
z5

evz

m0c2g
$vx~¹f!x1vy~¹f!y%. ~13!

With the aim of verifying the numerical integration of th
force equations during the pulse duration we have app
the conservation of energy which can be expressed in te
of the electron velocities in the form

g3(
i

v i v̇ i5
e

m0
(

i
v i~Ei1~¹f! i !.

The numerical integration performed here was carried
using atomic units, in whiche5m05\51 andc5137.07.
In this metric the most used units are given
1 g51.09831027a.u., 1 cm/sec54.57231029 a.u., 1 sec
54.13231016a.u., 1 cm51.8893108 a.u., 1 V/cm51.945
310210a.u., and 1 W55.554 a.u.

The numerical procedure outlined here reproduces
emission spectrum with the plateau and the cutoff obtai
by Hüller and Meyer-ter-Vehn@1# for a thin solid layer illu-
minated by a linearly polarized laser pulse. The cutoffs w
found at the predicted valuesnmax, as given by Eq.~4!. Fig-
ure 1 shows the radiation spectrum for a laser intensity
I L553109 W/cm2. The lattice period is taken asl c54 Å.
For this case, the electrons traverse through seven la
sites in an optical cycle and the spectrum forms a w
defined plateau with a cutoff aroundm516, as predicted by
expression ~4!. Here, m stands for the harmonicsvm
5mvL . The peak intensity is near the cutoff value. T
spectrum is normalized by a factorf n54.74310214, and
does not show emission at the fundamental frequencyvL .
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For a circularly polarized laser pulse interacting with
lattice array, i.e., for the case in whichd51/& in Eq. ~6!, we
have performed single-particle simulations for the caseI L
553109 W/cm2 andlL510.6mm without the influence of
the lattice potential. In Fig. 2 the electron trajectory in t
y-z plane is shown.

Figures 3–5 show the electron displacement in all th
spatial coordinates. The electron dynamics, as we will se
the next section, are in accordance with the analytical so
tions obtained for the equation of motion in an electroma
netic field with elliptic polarization.

The corresponding radiated emission once the lattice
tential is considered is shown in Fig. 6. Here,f n51.9
310213. An unexpected characteristic feature observed
the emission spectra is the appearance of two strong peak
m58 and atm531, rather than a single peak as found in t
linearly polarized case. As will be demonstrated in the f
lowing section both emission peaks originate from a co
pling effect between those different electromagnetic mo

FIG. 1. Radiation spectrum for linear polarization.I L55
3109 W/cm2, lL510.6mm, l c54 Å, andm5vm /vL .

FIG. 2. Electron trajectory in they-z plane for circular polar-
ization. I L553109 W/cm2 and lL510.6mm; variables are ex-
pressed in atomic units.
4-4
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HARMONIC RADIATION EMISSION FROM PERIODIC . . . PHYSICAL REVIEW E64 046604
excited from the resonance conditions, corresponding to
three spatial directions. In other words, the electrons exe
main excursions along a bidimensional array in the pla
y-z, with a drift along the direction of propagation of th
wave, and from each of those excursions radiation is emit
As for the linearly polarized case the electrons perform h
monic motions along lines of equidistant ion cores.

In Fig. 7 the emission for the case of a laser intensityI L
5531010W/cm2 is plotted, with f n52.9310212. For this
case, two strong peaks aroundm525 and 100 are emitted
As we will see, both numbers are in accordance with
analytical prediction that will be presented in Sec. IV.

IV. ANALYTICAL SOLUTION OF THE EQUATIONS
OF MOTION

With the aim of obtaining an analytical expression for t
dynamics of charged particles moving in an external ellip
cally polarized laser field we solve the equations of mot
for free electrons without the action of other extern

FIG. 3. Electron motion in they direction for circular polariza-
tion. Parameters as in Fig. 2.

FIG. 4. Electron motion in thez direction for circular polariza-
tion. Parameters as in Fig. 2.
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sources. From the electron displacement and the size o
excursion in all three spatial directions we will derive th
resonance condition for those harmonic numbers that co
spond to the peak intensities in the emitted spectra.

From the equation of motion we have

d

dt
~gvy!52a0c~12d2!1/2ḣ cosh,

~14!
d

dt
~gvz!5a0cdḣ sinh,

whereḣ5vL(12vx /c). On the other hand, we have that

d

dt
~gvx!5

d

dt
~gc!,

from which we get

FIG. 5. Electron motion in thex direction for circular polariza-
tion. Parameters as in Fig. 2.

FIG. 6. Radiation spectrum for circular polarization. Paramet
as in Fig. 2,l c54 Å andm5vm /vL .
4-5
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g5S 12
ẋ

cD 21

5
px1m0c

m0c
. ~15!

Using the equation for the energyE5m0gc25p2c2

1m0
2c4, the expression forg and Eqs.~14! we can obtain the

momenta of the particle.
Expressing the velocities in the formv i5(di/dh)ḣ, i

5x,y,z, and upon integration we have that the coordina
for the case whend51/&, are given by

x5
1

2

a0
2

k
~h2sinh!,

y52
1

A2

a0

k
~12cosh!, ~16!

z5
1

A2

a0

k
~h2sinh!.

The last equations describe the trajectories for electr
driven by a circularly polarized laser field and are in agr
ment with their numerical counterpart shown in Figs. 3–
The trajectory for they component is essentially describe
by a sinusoidal function with amplitudedy5lLa0/2A2p,
and quiver velocity given byvqy52a0c/A2(21a0

2). Figures
4 and 5 show that the particles drift along thex andz position
coordinates, with velocitiesvdx5a0

2c/(21a0
2) and vdz

5A2a0c/(21a0
2), respectively, as given from Eqs.~16!.

V. RESONANCE CONDITION FOR RADIATION

We have seen in Sec. II that the location of the cutoff
derived from a resonance condition obtained from the c
servation laws of energy and momentum. In a similar w
we can locate the cutoffs in the emission spectra by using
expression for the amplitudes of the excursions for all th
spatial directions. Thus, the cut-off emission correspond

FIG. 7. Radiation spectrum for circular polarization.I L55
31010 W/cm2, lL510.6mm, l c54 Å, andm5vm /vL .
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to a maximum displacement in a given direction is expres
as

nmax,i5
2p

l c
d i ; i 5x,y,z, ~17!

wherel c is the lattice spacing andd i is the amplitude of the
electron excursion for a particular coordinate. From the l
ear part of Eqs.~16! the amplitude of the excursions can b
obtained by takingh5p/2, which corresponds to the valu
of the phaseh for maximum amplitude in the electron quive
motion in they direction, and given by

dx5
lL

8
a0

2,

dy5
lL

2A2p
a0 ,

dz5
lL

4A2
a0 .

Since dx is an order of magnitude smaller ina0 than the
displacement in the other two directions, we have that t
main modes will contribute to the emission peaks.

Couplingdz anddy in Eq. ~17! we have that the emissio
peaks will be radiated at the harmonic numbers

nmax1
5S lL

l c
D a0

2A2
~p12!,

~18!

nmax2
5S lL

l c
D a0

2A2
~p22!.

For instance, for I L553109 W/cm2 (a0;6.431024),
nmax1

531, and nmax2
58 as obtained from the numerica

computation of the dynamic equations and shown in Fig
For an intensity of 531010W/cm2 (a0;2.02531023),
nmax1

5100, andnmax2
525 as shown in Fig. 7. The sma

contribution effect to the coupling fromdx would be given
by (p/4)(lL / l c)a0

2 with negligible values 0.0085 and 0.08
for the intensities 53109 and 531010W/cm2, respectively.

VI. CONCLUSIONS

Harmonic radiation emission from electrons driven by
short femtosecond elliptically polarized laser field and un
the influence of a periodic lattice potential was obtained.

For linearly polarized laser light incident on a periodic io
array, the emission spectra were found to be characterize
harmonic numbers forming a plateau with a sudden cutoff
the case of elliptic polarization the numerical emission sp
tra contain two strong emission peaks, attributable, as
rived from the theory presented here, to the maximum exc
sion amplitude of the motion in the two directions of th
plane normal to the direction of propagation of the las
light. It is found that coupling effects between the modes t
4-6
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correspond to those excursion amplitudes are responsibl
strong harmonic emission at two main peaks in the spec
The contribution to the emission from the motion in the
rection of propagation of the wave proved to be weaker t
that mode produced by the other two directions, at leas
order of magnitude in the normalized vector potential. W
recall that for higher laser input energies disintegration of
lattice structure could take place, invalidating the appro
presented here. The motion of free electrons embedded i
elliptically polarized laser field was solved analytically
closed form. From the analytical procedure employed in t
work we derived the equations for the coordinates and
culated the magnitude of the electron excursion in all th
spatial directions. From those calculations we arriv
ev

a

F.
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through the condition of resonance, at the analytic expr
sions~18! that give the location of two maxima that corre
spond to the emission peaks in the spectra and whose
monic numbers are in accordance with those obtained f
numerical computations.
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